A striking manifestation of CP violation in the electroweak symmetry breaking sector would be the existence of neutral Higgs boson(s) with undefined CP parity. We analyse signatures of such a boson, with a mass of about 300 GeV or larger, produced in high energy proton-proton collisions at LHC energies in its top-quark antitop-quark decay channel. The large irreducible tt background is taken into account. We propose, both for the dilepton and the lepton + jets decay channels of tt, several correlations and asymmetries with which (Higgs sector) CP violation can be traced. We show that for judiciously chosen cuts on the tt invariant mass these CP observables yield, for an LHC integrated luminosity of 100 fb −1 , statistically significant signals for a range of Higgs boson masses and Yukawa couplings.
Introduction
The clarification of the mechanism of electroweak gauge-symmetry breaking will be among the most important physics issues at the CERN Large Hadron Collider (LHC). According to the concept used in the Standard Model (SM) and in many of its extensions, this amounts to searching for Higgs bosons. While in the standard electroweak theory (SM) only one neutral Higgs boson is associated with electroweak symmetry breaking, many extensions of the SM entail a more complex scalar sector. Apart from predicting a number of Higgs particles, an extended scalar sector can also have a bearing on another phenomenon of unclarified origin, namely CP non-conservation. As is well-known CP can be violated by an extended Higgs sector [1] . As far as the neutral Higgs bosons are concerned, this would manifest itself in neutral spin-zero states of undefined CP parity, i.e. particles that have both scalar and pseudoscalar Yukawa couplings to quarks and leptons [2] . This possibility arises naturally already in two-Higgs doublet extensions of the SM [1, 3, 4, 5] . As to supersymmetric extensions of the SM, mixing of the CP = +1 and CP = −1 neutral Higgs-boson states, leading to CP-impure mass eigenstates, can also occur at tree level in its next-to-minimal extension (NMSSM) [6] , while in the minimal extension (MSSM) mixing is induced radiatively and can be quite substantial [7, 8] , depending on the parameters of the model.
If Higgs boson(s) will be discovered, the most direct way to study their CP properties at the LHC will be the investigation of their Yukawa interactions with top quarks. For a neutral Higgs boson ϕ of arbitrary CP parity and mass m ϕ > 2m t , CP violation occurs already at the Born level in its decay 1 ϕ → tt and shows up in spin-spin correlations [9] - [12] . However, the effect is diluted by interference with the tt background [9, 10] . Effects of CP-violating ϕ boson exchange in pp → ttX were analysed in [14, 9, 10, 15] . Concerning the study of Yukawa couplings of a light neutral Higgs boson ϕ with a mass of about 100 GeV at the LHC, associated ttϕ production [16] and the decay mode ϕ → τ + τ − [9, 12] offer further possibilities. CP effects in tt production and decay at hadron colliders were also investigated in terms of form factor parametrizations [17] - [21] , within the MSSM [22, 15] , and for single top-quark production within two-Higgs doublet models and the MSSM [23, 24] .
In this article we investigate the signatures of a heavy Higgs boson of arbitrary CP parity in the pp → ttX channel at the LHC, taking the irreducible tt background into account. We extend previous analyses and obtain several new results. We propose, for the dilepton and the lepton + jets decay channels of tt, a number of CP observables and associated asymmetries that should be rather robust with respect to measurement uncertainties. We analyse, within two-Higgs doublet and supersymmetric extensions of the SM, the sensitivity of these observables to CP-violating contributions from the tt production and top-quark decay amplitudes. By using appropriate bins in the tt invariantmass distribution we show that, for a range of Higgs boson masses and Yukawa couplings, these observables and asymmetries exhibit CP effects at the percent level. Thus these 1 For the channels ϕ → W + W − , ZZ CP violation can take place only at the one-loop level (see, e.g., [11, 13] ) and is therefore expected to lead to smaller effects. quantities should be good tools for tracing Higgs sector CP violation in future LHC experiments.
Our paper is organized as follows. In section 2 we recapitulate the salient features of neutral Higgs sector CP violation within two-Higgs doublet and supersymmetric extensions of the SM, which are relevant to our analysis, and we outline the strategy of how to trace possible CP effects caused by a heavy Higgs boson s-channel resonance in pp → ttX. In section 3 we discuss the general structure of the squared matrix elements for the parton reactions gg,→ tt → W + bW −b → 6f in the on-shell approximation for t andt quarks using the spin-density matrix formalism. We exhibit the two types of CPodd spin-momentum correlations which are induced at the level of the tt states and argue that CP violation effects in t → W b are small compared with (quasi)resonant ϕ exchange in tt production. In section 4 we introduce a number of CP observables and asymmetries with which CP violation effects can be traced in pp → ttX in the dilepton and the lepton + jets channels, and we derive relations between expectation values of observables and corresponding asymmetries. We show that those of our observables that are T-odd are predominantly sensitive to CP-violating terms in the tt production amplitude, irrespective of whether ϕ is heavy or light. In section 5 we compute and plot, for the c.m. energy √ s = 14 TeV and for a set of Higgs boson masses and Yukawa couplings, the expectation values of two CP observables as a function of the tt invariant mass M tt , taking resonant and non-resonant Higgs boson exchange and the irreducible tt background into account. These plots serve to select appropriate M tt bins in the computation of the expectation values and asymmetries of the CP observables of section 4. These calculations are then performed for the dilepton and lepton + jets channels, using phase-space cuts on the transverse momenta of the final state leptons and partons. Finally we estimate, for an LHC integrated luminosity of 100 fb −1 , the statistical sensitivity of these observables to Higgs sector CP violation, i.e. the sensitivity of these observables to detect a non-zero product of scalar and pseudoscalar Yukawa couplings. We conclude in section 6. In the appendix we give a compact formula for computing the expectation values of the CP observables.
Higgs sector CP violation
A number of extensions of the Standard Model allow for the possibility of CP violation in the Higgs sector, the simplest ones being extensions by an additional Higgs doublet [1, 3, 4, 5] . For definiteness we consider two-Higgs doublet extensions with natural flavour conservation at the tree level and explicit CP violation, both by complex Yukawa coupling matrices, which lead to a Kobayashi-Maskawa (KM) phase [25] , and by the tree-level Higgs potential V (Φ 1 , Φ 2 ) (see, e.g., [5] ). As a consequence of the latter the three physical neutral scalar mass eigenstates ϕ 1,2,3 of these models are not CP eigenstates, i.e. they couple to both scalar and pseudoscalar quark and lepton currents. Using the same symbols for the corresponding scalar fields we have 
where u, d labels the charge 2/3 and −1/3 quarks, respectively, tan β = v 2 /v 1 is the ratio of (the moduli of) vacuum expectation values of the two Higgs doublets, and (d ij ) is a 3×3 orthogonal matrix that describes the mixing of the neutral scalar states. In the model where one Higgs doublet gives mass to both the u-and d-type quarks (called model I) one has a jd = a ju andã jd =ã ju . If this doublet is Φ 2 then a ju ,ã ju are the same as in (2) . (In the SM a = 1,ã = 0.) At the Born level only the CP = +1 component of ϕ couples to W + W − and to ZZ. The couplings are given by the respective SM couplings times the factor
In addition, the particle spectrum contains a charged Higgs boson H ± . In models with natural flavour conservation at tree level, H ± exchange transports the KM phase and does not lead to significant CP effects of the type discussed below. Experimental data on b → s + γ yield, for type II models, a lower bound on the mass of H ± , which is m H + > 200 GeV for tan β ≤ 1 [27] .
The effects analysed below are significant only if the reduced Yukawa couplings of ϕ to the t quark are not very much suppressed as compared with those of the SM -if suppressed at all. Within two-Higgs doublet extensions one should have tan β of order 1 or smaller. On the other hand the measured strength of neutral K and B meson mixing provides a lower bound on tan β. From studies of the meson mixing amplitudes in these models [28] one infers that tan β 0.3. An important constraint on non-standard (Higgs sector) CP violation is provided by the experimental upper bounds of the electric dipole moments (EDMs) of the neutron [29] and of the electron [30] . A reanalysis of these moments within two-Higgs doublet models was made in [31] , assuming so-called maximal CP violation in the neutral Higgs sector, which in our parametrization may be defined by putting |d 11 | = |d 21 | = |d 31 | = 1/ √ 3. From this study one deduces that |a jtãjt | 2 is compatible with these low-energy constraints. It should be noted that this bound is subject to considerable theoretical uncertainties in the estimates of hadronic matrix elements that are needed in the computation of the neutron EDM [32, 33] .
In the next-to-minimal supersymmetric extension of the SM with two SU(2) Higgs doublets Φ 1,2 and one gauge singlet N, the Higgs potential V (Φ 1 , Φ 2 , N) can be CPviolating at tree level, leading again to neutral scalar mass eigenstates with undefined CP parity [6] . As far as the minimal supersymmetric extension of the SM with soft supersymmetry breaking terms is concerned, it is well-known that the tree-level Higgs potential V (Φ 1 , Φ 2 ) is CP-invariant. Nevertheless, CP-violating phases in the soft SUSYbreaking terms can induce mixing of the CP = +1 neutral scalar Higgs boson states h, H with the CP = −1 state A at the one-loop level. It was recently pointed out [8] that in a large region of the parameter space of the MSSM, where the heavy states H and A are almost mass-degenerate at tree level, sizeable radiative mixing of H and A can be induced by CP-violating Yukawa couplings involving scalar quarks of the third generation.
In the following we study, in a quite model-independent fashion, the effects on tt production at the LHC of a heavy Higgs boson resonance ϕ with mass m ϕ > 300 GeV, which is not a CP eigenstate. For definiteness we choose in section 5 a range of reduced scalar and pseudoscalar Yukawa couplings to t quarks, denoted by a,ã in the following, between 0.3 ≤ |a|, |ã| ≤ 1, and a reduced coupling |g V V | ≤ 0. 4 If m ϕ > 2m t , the total ϕ decay width is then given, to good approximation, by the sum of the widths of ϕ decay into tt, W + W − , and ZZ, which we compute in terms of a,ã, and g V V (see Eq. (48)). The parameter
serves as a measure of Higgs sector CP violation. Finally a few words on why it is justified to take into account below the exchange of only one ϕ j boson. One should recall that a necessary condition of observable CP violation in the neutral Higgs sector is a non-degenerate mass spectrum of the neutral states. Even if the products of couplings a jtãjt are of the same order of magnitude the CP effects caused by ϕ j bosons with mass markedly below 2m t are significantly smaller [14, 10] than the effects due to heavier bosons which appear as resonances in gg → tt. If one evaluates CP observables O on the whole tt sample, all ϕ j exchanges must be taken into account. Even if some or all of the products |a jtãjt | are of order 1, considerable cancellations among the contributions to O may nevertheless occur. This is because of the orthogonality of the mixing matrix (d ij ), j d 1j d 3j = 0. However, what we have in mind are CP studies after one heavy Higgs boson (or several) would have been discovered, and seen as a resonance in the invariant tt mass distribution dσ/dM tt . It was shown in [34] that there is a statistically significant signal in this spectrum for the above range of couplings. Then the CP observables proposed in section 4 are to be measured on data samples which will be selected by appropriately chosen cuts on M tt in the vicinity of m ϕ . In this way the CP properties of this boson can be investigated experimentally.
Matrix elements
Next we investigate tt production in high-energy pp collisions by the main parton reactions gg,→ tt → 6f . At the level of these reactions the exchange of a Higgs boson ϕ with couplings (1) induces CP-odd t andt spin-momentum correlations, which, through t and t decay, lead to characteristic angular correlations and asymmetries among the decay products of these quarks.
At high energy hadron colliders, such as the LHC, a ϕ boson with mass not more than about 600 GeV will be produced dominantly by gluon-gluon fusion through a virtual top-quark loop. This holds true also for the multi-Higgs doublet extensions of the SM in the parameter space of interest to us, namely tan β of order 1. Then gg → ϕ production through b-quark loops can be safely neglected. Likewise, when considering (N)MSSM models, squark loops can be neglected in this production mechanism if squark masses are larger than 400 GeV [35] , which we shall assume. The next-to-leading QCD corrections for scalar and pseudoscalar Higgs-boson production were computed in [36] - [38] and were found to increase the cross section significantly. (For the SM electroweak corrections to tt production, including s-channel Higgs boson exchange, see [39] .) Here we study the signal and the background amplitudes only to lowest order in the QCD coupling. (Computing the QCD corrections to these amplitudes for polarized t andt quarks is a task beyond the scope of this paper.) This can be justified as we do not investigate cross sections but normalized distributions. More specifically, non-zero expectation values of the observables which we study in sections 4 and 5 cannot be generated by QCD corrections -but by γ CP = 0.
The ϕ → tt decay channel is affected by the large non-resonant tt background. The amplitudes gg → ϕ → tt and gg → tt interfere and produce at the parton level a characteristic peak-dip structure in a number of observables [40, 9, 10, 41, 34] if the tt invariant mass lies in the vicinity of the Higgs boson mass. In [34] it was found that a heavy ϕ boson of arbitrary CP nature yields -for a range of reduced Yukawa and vector boson couplings a,ã and g V V -a statistically significant signal in the tt invariant mass distribution. Here we are interested in ϕ-induced t andt spin polarization and spin-correlation effects which reveal the nature of the Yukawa couplings of ϕ. For this purpose we consider the tt production density matrices for the parton processes λλ → tt (λ = q, g). They are defined by
where the factor n (λ) averages over spin and colour of the initial state partons;
where σ i are the Pauli matrices. Using rotational invariance the vectors B (λ)
±i and tensors C (λ) ij can be further decomposed. A general discussion of the symmetry properties of these matrices and their decomposition in the t andt spin spaces is given in [9, 10] .
As we are concerned with CP-violating Higgs-boson effects, we take into account the QCD Born amplitudes for qq, gg → tt and all ϕ exchange terms proportional to α s γ CP , that is, the CP-violating pieces of the one-loop self-energy, vertex, and box diagram contributions. If m ϕ > 2m t the s-channel ϕ-exchange diagram gg → ϕ → tt is by far the most important ϕ contribution. The spin density matrices R (λ) were computed in [9, 10] and these calculations were recently confirmed in [15] .
Heavy ϕ exchange leaves, for γ CP of order 1, also a markedly larger signal in our CP observables (given below and in the next section) than CP-violating gluino exchange in qq, gg → tt, which was computed in [22, 15] . Therefore we omit such effects below.
At the level of the tt states the CP-violating interaction (1) generates two types of CP-odd spin-momentum correlation terms in (5), namelŷ
Here s t , st are the spin operators of t andt, andk t andp are the unit vectors of the momenta of the top quark and of the initial parton λ, respectively, defined in the parton c.m. system. Here λ = g, q,q is the parton in the proton that moves by definition along the +z-direction. (Neglecting transverse parton momenta implies thatp is equal to the direction of the proton beam in the laboratory frame.) The functions f e , h e and f o , h o denote even and odd functions of the scattering angle z = cos θ =p ·k t . The expressions (6) -(9) constitute a complete set of CP observables in the case at hand. Here the expectation value of an observable O for the respective parton reaction is defined as
where N λ is a normalization factor. The observables (6), (7) are CP-odd but T-even, i.e. do not change sign under a naive T transformation (reversal of momenta and spins, but no interchange of initial and final states), whereas (8), (9) are CPodd and T-odd. This implies that non-zero expectation values of (6), (7) require γ CP = 0 and a non-zero absorptive part of the respective scattering amplitude, whereas (8), (9) [14] corresponds to the basic longitudinal polarization asymmetry
Furthermore it is worth pointing out the following. One might naively think that the CP-odd and T-odd observable
wheren is the unit vector corresponding to n = p × k t and w is some function of z, would also be of relevance here. (For gg → tt Bose symmetry requires w(z) to be an odd function.) It amounts to searching for a difference in the normal components of the t and t spin-polarizations. However, P CP λ = 0 requires C-and CP-violating interactionsbut QCD and the Yukawa interaction (1) are C-invariant and thus do not generate terms of the form (10) in the above density matrices. The quantity P CP and the corresponding observables involving the charged lepton momenta from semileptonic t ort decay instead of the spin vectors s t and st (see section 4 for the analogous transcriptions of (6) and (8)) may nevertheless be used experimentally to check for C-and CP-violating interactions in tt production. Exchange of W and/or Z bosons in conjunction with ϕ exchange leads to such effects, but they are very small. (We note in passing that for e + e − → (γ * , Z * ) → tt the difference of the normal polarizations of t andt is a relevant CP observable for tracing Higgs-sector CP violation [42] .) On the other hand, absorptive parts due to QCD in the scattering amplitudes of the above parton reactions generate equal normal polarizations of t andt, i.e. lead to T-odd terms of the form
in the respective density matrices. The QCD-induced normal polarizations were computed in [43, 44] . It is also worth recalling the observation [9] that interactions being P-and CP-invariant cannot induce T-odd spin-spin correlations.
We have found that, for LHC energies, the spin-polarisation and spin-correlation observables (6), (8) which involve the helicity axisk t are more sensitive to a non-zero product γ CP of reduced Yukawa couplings than the corresponding observables (7), (9) which involve the beam axisp. Therefore we shall consider only the former set of observables below. Moreover it was shown in [12, 34] that the CP-even spin-spin correlation observable s t · st is also sensitive to the Yukawa couplings a,ã and should therefore also be taken into account in these kind of investigations.
The t andt quarks auto-analyse their spins by their parity-violating weak decays. We shall assume that t → W b is the dominant decay mode, as predicted by the SM. It is well-known that in the SM the most efficient analyser of the t spin is the charged lepton from subsequent W decay. Its spin analyser quality is more than twice as high as the W or b quark direction of flight.
We use the narrow width approximation for tt production and decay, which is justified because of Γ t /m t , Γ W /m W ≪ 1 and because we are concerned only with normalized distributions and expectation values of observables. Moreover we take the leptons and the light quarks, including the b quark, to be massless. If the charged lepton from semileptonic t decay, t → ℓ + ν ℓ b, acts as t-spin analyser then, integrating out the b, ν ℓ momenta, the t decay density matrix ρ α ′ α in the t rest frame is of the form
where α ′ , α are t spin indices,q + is the ℓ + direction of flight, and f is a function of the lepton energy E ℓ (see, e.g., [45, 46] ). This expression, which holds to lowest order in the SM, is respected by QCD corrections to a high degree of accuracy [47] . (The t, respectivelyt rest frame is defined by performing a rotation-free Lorentz boost from the parton c.m. system. The parton c.m. frame can be obtained from the laboratory frame by a rotation-free boost along the beam axis that depends on the momentum fractions x 1,2 of the partons. The t andt rest frames defined in this way differ by a Wigner rotation from the respective rest frames obtained by a direct rotation-free boost from the laboratory frame.)
One may also choose the b quark -or the W boson -to be the spin-analyser of the t quark. This is an obvious choice for non-leptonic t decay and we shall employ it below 2 . In this case the t decay density matrix is given in the t rest frame by ρ α ′ α = (1l − κ σ ·q b ) α ′ α , where the t spin-analyser quality factor κ = (1 − 2µ)/(1 + 2µ) with µ = m 2 W /m 2 t . If the reconstructed W direction of flight is used instead ofq b , the corresponding t decay density matrix is obtained from this expression by substitutingq b → −q W + . Numerically, κ ≈ 0.41, which shows that in these cases the t spin analysing power is lower by more than a factor of two as compared to the charged lepton. The density matrices fort decay are obtained by substitutingq + → −q − ,q b → −qb,q W + → −q W − in the above expressions.
Suffice it to mention that SM CP violation in t → W b is tiny [46] , as in tt production. There is no effect to one-loop approximation in the amplitudes qq, gg → tt. What about CP effects in t → W b within the models discussed in the previous section? Although neutral ϕ exchange induces a CP-violating form factor 3 in the t → W b vertex at the one-loop order, the resulting CP effect in top-quark decay is only a few per mille [48] and thus markedly smaller than the effects in tt production (see section 5). Within the (N)MSSM the form factors that are induced by CP-violating gluino [42] , neutralino, and chargino exchanges [24] also lead to CP effects at the per mille level only. We shall omit these effects below. (A more specific discussion is given in section 4.)
Besides t → W b also other decay modes/mechanisms may be relevant to top quark decay; for instance t → H + b, respectively t → bτ ν τ , bqq ′ mediated by virtual H + exchange. In non-supersymmetric n-Higgs doublet models (n ≥ 2) of type II, the lower bound on the mass of H + quoted above implies that in these models the H + mediated part of the decay amplitude T (t → f ) will be small with respect to the dominant part from (onshell) W + exchange. (Here f = bℓν ℓ , bqq ′ .) However, charged Higgs bosons in type I or in SUSY models are not restricted by these data [27, 49] . Also a direct search made by the CDF collaboration at the Tevatron [50] does not yet severely constrain the decay mode t → H + b. In any case, our analysis below is set up in a modular way and can always be straightforwardly extended if significant top decay modes and/or decay mechanisms other than t → W b should be discovered. Moreover, in the next section we define observables that are mainly sensitive to CP violation in the tt production amplitude.
In summary, the squared matrix elements of the reactions λλ → tt → f 1 f 2 , which we use below, are of the form
with production and decay density matrices as discussed above. At least as far as Higgs bosons with mass m ϕ 300 GeV and reduced Yukawa couplings a,ã of order 1 in simple two-Higgs doublet models and the (N)MSSM are concerned, the most significant CP-violating contribution to this expression comes from (quasi-) resonant ϕ s-channel exchange and resides in R (g) .
Observables
In the following we consider two types of tt decay channels: first the "dilepton + jets" channels, where both t andt decay semileptonically,
As mentioned above, the directions of flight of the charged leptons are the best analysers of the t,t spins. Secondly we study the "lepton + jets" channels, where the t quark decays semileptonically and thet quark non-leptonically and vice versa. These channels also have a good signature for top-quark identification and they are suitable for determining the tt invariant-mass spectrum. Events where the top quark decays semileptonically and the top antiquark decays hadronically will be called sample A:
whileĀ will denote the sample that consists of the charge-conjugated decay channels of the tt pairs:Ā :
In (13) - (15) we take into account only semileptonic top decays into either an electron or a muon. Then the SM predicts, to a good approximation, a fraction of 24/81 of all tt events to decay into the single lepton channels and 4/81 into the dilepton channels. For the dilepton channel the cross section measure reads in the narrow width approximation (12):
In the first line on the r.h.s. N = BR(t → bℓ + ν ℓ )BR(t →bℓ 
For the lepton + jets channels (14), (15) a formula analogous to (16) holds. In this case the appropriate decay density matrices must be used in (12) . We note in passing that the cross section measure for pp collisions is simply obtained from Eq. (16) by substituting the parton distribution function Nλ(x 2 ) forNλ(x 2 ). Let us now define appropriate angular correlations and asymmetries with which Higgs sector CP violation can be traced in the dilepton and single-lepton channels. Suffice it to say that these correlations and asymmetries can of course be used as tools to search for CP violation in future data independent of any model. If both t andt quark decay into semileptonic final states we consider the two observables
and
wherek t ,kt are the t,t momentum directions in the parton c.m.s. andq + ,q − are the ℓ + , ℓ − momentum directions in the t andt quark rest frames, respectively. The channels ℓ + , ℓ ′− with ℓ, ℓ ′ = e, µ are summed over. Obviously, (18) and (19) are the transcriptions of (6) and (8) to the level of the final states, i.e. (18) and (19) serve as absorptive and dispersive CP observables, respectively, taking account of the fact that the charged lepton is the most efficient analyser of the top-quark spin.
The reconstruction of the t andt directions of flight (up to ambiguities) in these channels is possible by solving kinematic constraints [18] . Nevertheless, the measurement of these correlations will be a challenging task. Therefore, we define also corresponding asymmetries which should be experimentally more robust than (18) , (19) , because only the signs of Q 1 , Q 2 have to be measured, as follows
N ℓℓ is the number of tt events decaying into the dilepton + jets channels. If no phase-space cuts -besides possible cuts on the tt invariant mass -are imposed the following relations can be derived between the asymmetries and the expectation values of the corresponding observables:
where the index ℓℓ refers to the dilepton + jets sample. For the lepton + jets channels we propose the following observables: for sample A we define
whereqb is the momentum direction of theb quark jet in thet quark rest frame, while for the sampleĀ we use the charge-conjugated observables
withq b denoting the momentum direction of the b quark jet in the t quark rest frame. In these channels the t andt momenta can be reconstructed up to a twofold ambiguity [51] . Taking both samples one can define the quantities
Eq. (26) is a transcription of the absorptive CP-odd observable (6). The dispersive spinspin correlation observable (8) implies that in the non-leptonic decay mode of the top quark either the W boson or the b quark jet must act as t-spin analyser. In either case this costs a dilution factor κ ≈ 0.41 (see section 3) -although one gains in statistics as compared with the dilepton channels. For definiteness we have chosen observables that involve the b andb jet direction. If reconstruction of the W direction of flight in nonleptonic top quark decays should turn out to be more efficient experimentally, then one should use observables withqb → −q W − andq b → −q W + in (23), (25) . The results given below apply to both cases.
In addition we define corresponding asymmetries as follows
Here N A (NĀ) is the number of tt events in sample A (Ā). If no cuts -besides possible cuts on the tt invariant mass -are imposed we derive the following relations:
Although an a priori classification of observables with respect to CP cannot be made in the case at hand because the initial pp state is not a CP eigenstate, our observables and asymmetries are, nevertheless, good indicators of CP violation for the reactions pp → ttX → f 1 f 2 X above. The analysis of possible contaminations from CP-invariant interactions which was made in [10] for CP observables that involve momenta defined in the laboratory frame can be applied in an analogous fashion also to the above observables.
Here we find that, within the parton model, contributions from CP-invariant interactions to the reactions gg → tt → f 1 f 2 and→ tt → f 1 f 2 , i.e. the CP-invariant part of the differential distributions Tr [ρ
], cannot generate non-zero expectation values of our CP observables. This statement holds to all orders in perturbation theory and can be shown in a straightforward fashion by writing down the expectation values of Q 1 , Q 2 , using the phase-space measure (16) and using the transformation properties with respect to CP of the coefficients of the production and decay density matrices [10, 45] . An analogous exercise can be performed for E 1 , E 2 . Kinematic cuts must be CP-invariant.
Moreover, we remark that the T-odd observable (19) and the quantity E 2 are predominantly sensitive to CP violation in the tt production amplitude. Possible CP-violating form factors in the amplitudes of the above t andt decay channels do not contribute to leading order in the couplings. In order to show this we first note that the above CP observables involve only the momentum of one final-state particle r (r = ℓ, b, W ) from t and/ort decay. Then the corresponding decay density matrices are of the form
CP invariance implies that α + = α − , β + = β − . Let us neglect, for a moment, contributions to (31) from absorptive parts of the decay amplitudes. Then CPT invariance enforces the same conditions on the coefficients α ± , β ± [45] . In other words, there are no contributions to (31) from CP-violating dispersive terms in the decay amplitude if the interactions are CPT invariant. There can be contributions to (31) from CP-violating absorptive parts to one-loop order. However, for CP-violating neutral ϕ exchange they are absent in the limit of vanishing b quark mass. In supersymmetric models CP-violating gluino, neutralino, and chargino exchange leads to such absorptive parts in the t → W b amplitude if m t > m χ + mq, where m χ , mq denote the masses of a gluino or neutralino and scalar top quark, or those of a chargino and scalar b quark, respectively [42, 24] . In the following D = ρ (f ) ⊗ ρ (f ) and the labels disp (abs) and I (CP ) denote the dispersive (absorptive) parts of the CP-invariant (-violating) terms in the production and decay density matrices, respectively. The T-odd observables Q 2 , A(Q 2 ), E 2 , and A(E 2 ) are generated by the terms
in the squared matrix elements (12) while the T-even observables Q 1 , A(Q 1 ), E 1 , and A(E 1 ) pick up the terms
It remains to count powers of couplings in these expressions. We distinguish between two situations: (a) For a light ϕ boson the terms R are of the same order as above. (Actually, CP-invariant schannel ϕ exchange is also relevant to these terms.) In this case, both in (32) and in (33) , the first terms are the dominant ones. Thus for a heavy ϕ boson all the CP observables defined above are predominantly sensitive to CP violation in gg → ϕ → tt.
It is clear that, especially in the case of resonant ϕ production, the sensitivity of the above observables to a non-zero product γ CP of Yukawa couplings can be enhanced considerably by judicious choices of cuts on the invariant tt mass M tt = (k t + kt) 2 . In fact such a cut is mandatory in view of the remarks made at the end of section 2. The spectrum dσ/dM tt is obtained by multiplying the cross sections dσ (λ) for the parton subprocesses atŝ = M 2 tt with the so-called luminosity functions
where τ = M tt / √ s. That is, one has
Let us define a "differential expectation value" ≺ O ≻ for a given invariant tt mass by
These quantities, which we shall compute in the next section for the observables Q 1,2 , turn out to be very good indicators of how to choose appropriate M tt mass bins for the evaluation of the expectation values and asymmetries of the above observables.
Results
Throughout this section we put m t = 175 GeV and m W = 80.4 GeV. In the computations we took the parton distribution functions (PDF) from [52] , evaluated at the factorization scale Λ = 2m t , and convinced ourselves that our results do not change significantly if we vary Λ or work with other PDF sets [53] . Furthermore all sensitivity estimates are based on an LHC integrated luminosity of 100 fb −1 at √ s = 14 TeV. Let us first assess the relative size of the gg → ϕ → tt (which we call resonant) and the remaining ϕ contributions (which we call non-resonant) to tt production. As already emphasized, all the interferences with the non-resonant QCD background are included. For this purpose we have plotted in Figs. 1 and 2 the resonant and all ϕ contributions to the differential expectation values (36) of Q 1 and Q 2 as a function of the tt invariant mass M tt for four different Higgs boson masses. Figs. 1 and 2 illustrate the fact that for m ϕ > 2m t the non-resonant contributions are negligible with respect to the s-channel ϕ contribution. Therefore we take the non-resonant terms into account only when evaluating observables for m ϕ ≤ 2m t .
In Figs. 3 -7 we show again the values of ≺ Q 1 ≻ and ≺ Q 2 ≻ as a function of M tt ; this time for Higgs boson masses m ϕ ≥ 2m t and for different values of the couplings g V V , a, andã. Only the resonant ϕ contributions are included. The figures show the characteristic peak-dip structure in the resonance region. The height and the width of the peaks depend on the Higgs boson decay width Γ ϕ and on its Yukawa couplings to top quarks. As usual the peaks get broader and less pronounced with increasing Γ ϕ . As expected, the height of a peak is, for a given ϕ mass and set of couplings, larger for Q 2 than for Q 1 . Note that in the resonance region the sensitivity of these observables to γ CP is high.
These plots can be used to choose appropriate M tt mass bins for the evaluation of the CP observables and asymmetries on the dilepton and the lepton + jets samples. The peak-dip structure of the signals in Figs. 3 -7 suggests to select, for a "known" Higgs boson mass, M tt mass bins below (if kinematically possible) and above m ϕ . Our choices are given in Table 1 and will be used below.
In addition we shall apply further cuts, namely
for the rapidities of the t andt quarks and for the transverse momenta in the laboratory frame of the final-state charged leptons and quarks in the dilepton and the lepton + jets samples. Implementing (37) and the M tt intervals of Table 1 in the cross section measure (16) and in the analogous measure for the lepton + jets channels, we have numerically computed Q 1 , Q 2 , E 1 , and E 2 . In the same way we have computed the 1 s.d. statistical
Here N is the number of events in the respective sample and M tt interval that pass the above cuts. We considered Higgs boson masses and reduced couplings in the ranges 320 GeV ≤ m ϕ ≤ 500 GeV, 0.3 ≤ |a|, |ã| ≤ 1, |g V V | ≤ 0.4. Without loss of generality the signs of a,ã were chosen such that γ CP > 0.
The results are given in Tables 2 -9 . The non-resonant contributions have been included only for m ϕ = 320 GeV and m ϕ = 350 GeV. For each value of m ϕ , g V V , a,ã the number in the first column of the respective sub-table contains the expectation value in percent and the second number is the statistical significance (in s.d.) of the CP effect for 100 fb −1 of integrated LHC luminosity. Tables 2 -5 show that the dispersive observable Q 2 has a higher sensitivity to Higgs sector CP violation than the absorptive observable Q 1 . The sensitivities of E 1 and E 2 are, by and large, of the same order. (Recall that the quality of E 2 is diminished with respect to Q 2 because of the limited t-spin analysing power of the b quark jet.)
These investigations can be extended to the channels where both t andt decay nonleptonically. In this case one may use observables which result from replacingq + ,q − → q b ,qb in (18), (19) .
In this context another relevant observable is the tt spin-spin correlation s t · st, which translates into
for the dilepton sample (13), whereq + ,q − are the ℓ + , ℓ − momenta as defined above. Although s t · st and (38) are not proportional to γ CP , they are sensitive to the Yukawa couplings a,ã [12] and should therefore also be measured in future experiments. The expectation value Q 3 was computed in terms of a andã in [34] .
The amount of numerical work can be drastically simplified if no cuts besides the one on M tt are imposed. In this case we can derive a formula that allows for a rather fast computation of the expectation values Q 1,2 for the dilepton samples. It is given in the appendix and we also give there the widths of the distributions of the CP observables. We have found that the results for the expectation values and statistical sensitivities obtained in this way differ only slightly from the ones presented in Tables 2 -9 .
The asymmetries A(Q 1,2 ) and the quantities E 1,2 and A(E 1,2 ) for the lepton + jets sample are determined in this case by the general relations given in section 4. With these formulae we can easily compute the CP asymmetries and the statistical sensitivities | Q 1 |/δQ 1 , etc.. By comparing these numbers we find that the sensitivities of Q 1 , Q 2 , E 1 , and E 2 are larger by about 20% than those for A(Q 1 ), A(Q 2 ), A(E 1 ), and A(E 2 ), respectively. On the other hand, as mentioned, the asymmetries should be experimentally more robust.
With the above results we conclude that for a large range of ϕ masses values of |γ CP | 0.1 can be traced with the observables of section 4. As far as we can see it is, in the foreseeable future, a rather unique possibility of the LHC to make CP tests for heavy Higgs bosons. In view of this opportunity analyses of hadronization and detector effects on the sensitivities of these observables, which are beyond the scope of this paper, would be worthwhile.
We close with two remarks. In [10] "experimentally simple" CP observables involving momenta in the laboratory frame were studied. Moreover, no cuts on M tt were made. Therefore these observables are considerably less sensitive to γ CP than those of section 4. In [15] so-called optimal CP observables -which are essentially given by the CPviolating terms in the squared matrix element divided by its CP-invariant part -were considered (without M tt cuts) and found to be sensitive to |γ CP | 0.1. While the construction and evaluation of optimal CP observables is straightforward theoretically [54] , their experimental usefulness in the case at hand remains to be seen: apart from depending on many kinematic variables they involve also model-dependent parameters, in particular particle masses, which may be unknown.
Conclusions
In several extensions of the SM the Higgs sector can, apart from breaking the electroweak gauge symmetry, also violate CP. The neutral Higgs bosons ϕ which are predicted by these models then act also as messengers of the latter phenomenon. In this paper we have shown that top-quark pair production at the LHC offers a good possibility to investigate whether or not the interactions of neutral Higgs bosons are CP-violating. The observables and asymmetries that we have proposed and investigated were found to be very sensitive to the product of scalar and pseudoscalar top-quark Yukawa couplings, namely |γ CP | 0.1. At least as far as heavy Higgs bosons are concerned, these would be rather unique CP tests in the foreseeable future.
Appendix
In this appendix we give a compact formula for the expectation values of the observables defined in section 4, which allows for a rather quick evaluation.
When no cuts are applied, the multiple phase-space integrals that appear in (17) can be performed up to the two-dimensional integrals over the momentum fractions x 1 , x 2 of the colliding partons in the initial state. Here we consider a neutral ϕ boson with mass m ϕ ≥ 2m t , which is the most interesting case. Then the CP-violating ϕ contribution to tt production is dominated by the s-channel gg → ϕ → tt diagram, and the other non-resonant ϕ contributions of order γ CP to gg,→ tt can be neglected as shown in section 5.
For the dilepton channels (13) we find for the expectation values of the observables (18), (19) :
where F [G] denotes the ratio of integrals
Here N λ (x 1 ), Nλ(x 2 ) denote the parton distribution functions, L (λ) is the luminosity function defined in Eq. (34) The quantities E 1,2 defined in Eqs. (26), (27) and the asymmetries defined in Eqs. (20) and (28) can then also be calculated with the formulae (39) using the relations (29), (21), and (30) respectively.
In order to estimate the statistical sensitivity of the observables Q 1,2 to Higgs sector CP violation, we need also the widths of the distributions of these observables, i.e. the expectation values of their squares. We find that
As usual, the widths are given by
For the single lepton channels (14) , (15) we find that
and the widths are given by
. Note that the above results also hold for individual bins in M tt . The functions
where a,ã are the reduced top quark Yukawa couplings of Eq. (1),
and we have used the abbreviations
and Γ ϕ is the width of ϕ. As we work to lowest order in the Yukawa couplings we have adopted the energy-independent width approximation for the ϕ propagator. The width Γ ϕ is the sum of partial widths for ϕ → W + W − , ZZ, tt, i.e., Γ ϕ = Γ W + Γ Z + Γ t with
Here we have used the notation β W,Z,t = 1 − 4m Table 2 , but with M tt interval above m ϕ as given in Table 1 . For m ϕ = 320 GeV and m ϕ = 350 GeV the non-resonant contributions have been included. Table 4 : Same as Table 2 for the expectation value of Q 2 . Table 3 for the expectation value of Q 2 . Table 2 for the quantity E 1 in the lepton + jets channels. Table 3 for the quantity E 1 in the lepton + jets channels. Table 2 for the quantity E 2 in the lepton + jets channels. 
